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Abstract-Turbulent flow reactors with well-defined isothermal catalytic surfaces provide a method of 
obtaining rates of rapid surface processes. However, even in turbulent flow, diffusion tends to mask the 
true surface behavior at reasonable conversions of chemical species. To estimate the effect of diffusion 
on the rate of reaction, the Graetz problem for turbulent flow between parallel plates with an n-th order 
reaction on one wall has been solved. 

Mixing cup concentrations were obtained for a range of Reynolds numbers of 3000&70000, Schmidt 
numbers 0.2-1.0, reaction orders of 14-2.0 and reaction rate constants from zero to infinity. The fully 
developed Nusselt numbers were approximately proportional to the 0.75 power of the Reynolds number and 
to the 0.65 power of the Schmidt number for the diffusion controlled cases. The fully developed Nusselt 

numbers were also somewhat dependent upon the reaction rate. 

NOMENCLATURE 

one half the distance between the 
catalytic and non-catalytic plate; 
constants used to define turbulent 
flow region ; 
coefficients used in Wasan’s analysis ; 
dimensionless concentration (weight 
fraction of reactant unconverted), 

= PalP.0; 
mixing-cup concentration ; 
concentration at the catalytic wall ; 
coefftcient used in Wasan’s analysis ; 
effective diffusivity of species “a” 
in a mixture ; 
eddy diffusivity of mass transfer; 
coefficients used in Wasan’s analysis ; 
friction factor ; 
velocity function, = (ud1*5 U); 
dimensionless wall reaction rate con- 
stant for a first order reaction; Biot 
number for heat transfer; 
dimensionless wall reaction rate con- 
stant for an n-th order reaction, de- 
fined by equation (8) ; 
effective dimensionless reaction rate 
constant ; 

k 0 

k 

$9 

NW 

0, 

Pe, 

R 

R’, 

Re, 

SC, 

s, 

s+, 

$9 

t+, 

u, 

ui, 

mass-transfer coeffkient defined by 

D,, WY = k,(C, - C,); 
wall reaction rate constant [ftjh] ; 
molecular weight of species “~2”; 
Nusselt number for mass transfer, 

k 44, ; 
order of magnitude ; 
P&let number = 4&l/D, ; 
ratio used to define the turbulent 
center core ; 
the ratio Ax/(A.s)~ ; 
Reynolds number based upon a 
distance “2~” between plates = 

4Uaplp ; 
Schmidt number = p/p D, ; 

normalized transformed distance = 
S’/S,’ ; 

transformed coordinate, 

ds = dy/(l + QID,,); 
distance in transformed coordinates 
corresponding to y = 1, defined by 
equation (27) ; 
coordinate parameter, = Ov*/v ; 
mass average velocity ; 
mass velocity component in the i 
direction ; 

155 



156 CHARLES W. SOLBRIG and DIMITRI GIDASPOW 

V*, 

Vi, 
.? 

Y, 

shear velocity, = J(r,/p) ; 
dimensionless velocity, = v/v* ; 
dimensionless coordinate parallel to 
flow, = q/( $ Ua2/D,,) ; 
dimensionless coordinate perpen- 
dicular to flow = </a. 

Greek symbols 

Ml, ratio of eddy diffusivities of mass and 
momentum transfer ; 

a29 ratio of total diffusivities of mass and 
momentum transfer ; 

B 12 eigenvalue far the first mode ; 

V, kinematic viscosity ; 

; 
eddy diffusivity of momentum ; 
displaced coordinate, 8 = [ + a ; 

YIT spatial coordinate parallel to the 
flow direction ; 

P> viscosity ; 

:I1 

eddy viscosity ; 
spatial coordinate perpendicular to 
the flow direction and the catalytic 
plate ; 

P? total density ; 

2 

shear stress at the wall ; 
function used in the finite difference 
equation solution, see equation (30). 

Superscripts 
barred quantities are used to denote 
time average quantities ; 
primed quantities are used to denote 
quantities fluctuating with time ; 

+ 
a 3 quantities with a superscript “+ ” 

and which are distances are defined 
a+ = a v*/v; 

+ 
v 3 quantities with a superscript “f ” 

and which are velocities are defined 

as v+ = v/v*. 

INTRODUCTION 

THE RATES of rapid surface reactions are best 

determined in a flow reactor. In order to avoid 
the masking of the true surface kinetics by 
diffusion it is often desirable to operate in the 
turbulent regime [l, 23. Although rates of rapid 

surface reactions can be determined in tubular 
flow reactors, isothermal rectangular duct re- 
actors with one well-defined catalytic wall 
are particularly advantageous because of the 
ease of assembly, inspection, and interchange- 
ability of the catalytic surface. A flat rectangular 
duct reactor with a long adiabatic entrance 
section and one replaceable catalytic wall 
whose temperature can be maintained at the 
inlet gas temperature was built for this in- 
vestigation. Analysis and experimental mass 
transfer and catalytic data were already pre- 
sented for the laminar flow regime [3-71. This 
paper gives a theoretical analysis of mass 
transfer with reaction on one wall of a flat 
rectangular duct reactor in the turbulent flow 
regime. The channel is sufficiently long to allow 
the velocity profile to become fully developed 
before the catalytic portion of the wall is 
reached. This fully developed velocity profile 
does not change in the catalytic section of the 
reactor, because the mass of reactants diffusing 
to the surface equals the mass of products 
diffusing away from the surface, the temperature 
remains constant and changes in total number 
of moles of the system are assumed to be small. 
The latter assumption will be exact for total 
combustion of methane or approximately true 
for combustion of most fuels in air where 
there is a large portion of inert gas. With these 
simplifying assumptions, all of which are easily 
realized in practice, the mass-transfer problem 
becomes analogous to the heat-transfer problem 
treated in the literature, except for the more 
general boundary conditions encountered in 
this study. 

The solutions to this general problem under 
consideration have not been treated in the 
literature although certain cases have been 
treated extensively [S]. For example, the diffu- 
sion controlled case for flow in a tube as well 
as between parallel plates has been treated 
extensively. Due to the uncertainty in the actual 
form of the velocity and eddy diffusivity 
functions, the various analyses differ in their 
reported results by as much as 20 per cent. 
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Sparrow, Lloyd and Hixon [9] present a com- 
parison between various analytical results. It is 
apparent that there are no “best” formulae 
for the velocity and diffusivity functions. The 
object of the literature survey conducted in this 
investigation was to determine formulae which 
will reproduce experimental measurements ac- 
curately within the range of Reynolds numbers 
of 30000 to 70000. The discussion of the selec- 
tion of the velocity and diffusivity functions is 
better left to the later development sections. 

After these functions have been selected, 
several different methods might be employed 
to solve the boundary value problem. These 
methods will be-briefly described here and may 
be classified as : (1) the separation of variables 
analytical solution ; (2) the separation of vari- 
ables numerical solution ; (3) the classical analogy 
approach ; (4) the integral equation solution, and 
(5) the numerical solution of non-separable 
problems. 

A work of Beckers [lo] is an example of the 
solution to the problem in a tube by the analyti- 
cal separation of variables technique. This 
involves separating variables and solving the 
equation in the direction of flow exactly. The 
equation perpendicular to the flow direction 
is solved by the method of Frobenius. Since the 
turbulent flow regime is defined in terms of 
separate regions (i.e. the laminar sublayer, the 
transition region, and the turbulent center 
region), a series solution is required in each of 
these regions. Equating the solutions and their 
derivatives at the boundaries of these regions 
and utilizing the boundary conditions com- 
pletely specifies the eigenvalues and correspond- 
ing eigenfunctions. 

The numerical separation of variables tech- 
nique has been utilized by many investigators 
for pipe flow (see, for example, Sparrow, 
Hallman and Siegel [l l] or Wissler and 
Schechter [ 121). The method employed is similar 
to the previous with the exception that the 
separated equation perpendicular to the flow 
direction is solved numerically. Hatton and 
Quarmby [S] and Hatton [13] utilize this 

method to produce results particularly relevant 
to this study. They present results which can 
be compared to those obtained here for the 
diffusion controlled problem. 

The classical analogy solution utilizes as- 
sumptions which allow considerable simplifica- 
tion in the solution (see, for example, Deissler 
[14] or Wasan and Wilke [lS]>. The conserva- 
tion of species equation and the momentum 
equation are similar in the boundary layer and 
this fact is utilized in arriving at a solution. 
For this solution to be valid, the boundary 
conditions must also be similar and this 
restricts the solution to the diffusion controlled 
case. In addition, the solution does not consider 
a variation in the direction of flow so that the 
solution is valid only in the fully developed 
region. The generality of the boundary condition 
considered here makes this method inapplicable 
for present purposes. 

Wissler and Schechter [12] present a method 
for solving the problem of turbulent flow in a 
tube by integral equations. The method is 
based upon the solution presented by Katz [ 161 
for laminar flow with similar boundary condi- 
tions. In a similar manner as Katz, Wissler and 
Schechter report a solution in which a term 
arising from the discontinuity of the condition 
at x = 0 is missing. However, they use another 
form of the solution, which has this term 
remaining in it, to obtain numerical results. 
They compared the results they obtained by 
this method to results they ‘obtained by the 
numerical separation of l variables technique 
and noted agreement within 1 per cent. They 
reported results only for the first-order case. 
n-th order reactions would require solving a 
non-linear integral equation. 

The numerical solution of the non-separable 
non-linear problem considered here has not 
been treated in the literature to the best of the 
authors’ knowledge. 

The last method is the only one which is 
used in the following developments. The separa- 
tion of variables methods are applicable only 
to the first-order reaction so they could not 
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be used for the general problem. The analogy 
approach was not used because of its restricted 
applicability. The integral equation solution 
could be applied, however, it was decided to 
solve the problem numerically. 

CONSERVATION OF SPECIES 

The coordinates and geometry are shown in 
Fig. 1. A potentially reactive incompressible 
fluid flows from left to right between parallel 
plates with a fully developed turbulent velocity 
profile. The chemical reaction occurs only on 
the catalytic wall starting at q = 0. Any heat 
liberated or absorbed by the reaction is trans- 
ferred through the catalytic wall thus maintain- 
ing the fluid at a constant temperature. It is 
assumed that molecular diffusion of species “a” 
can be described by an effective constant binary 
diffusivity, D,, [17]. Analogously, an eddy 
diffusivity for mass transfer, Dt is introduced. 

Conservation of species “a” at a steady state 
can be expressed [18] by the equation 

6 ap i a 
-Lo=-_ 1 ap, 
;u ax :Pe ax 

--+-i-J+__ 
ae $Pe ax 

+$ (D,+ D.,Js ay 1 (1) 

and DIMITRI GIDASPOW 

where 

and where p. is the mass concentration of 
species a, fi,, is the velocity in the n direction, 
U is the average velocity, the bar superscripts 
indicate time averaged quantities and the primes 
denote fluctuating quantities. 

The first term on the right-hand side of the 
equation is usually neglected and this pro- 
cedure will be adopted here. This seems reason- 
able since the P&let number in turbulent flow 
is usually large. Schneider [19] has considered 
the problem of slug flow which indicates that, 
for Pkclet numbers above 100, one may neglect 
this term. 

This equation must then be solved subject 
to the following initial and boundary conditions. 
The inlet composition is uniform and equal to 
paO. At the non-catalytic wall the mass balance 
shows that the gradient of the mass concentra- 
tion is zero. Net zero mass velocity at the 
catalytic wall yields the following balance for 
an n-th order reaction. 

D‘,,B = M,k,c. 
ay 

FIG. I. Coordinates for the turbulent flow problem 
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In equation (3), C, is the molar concentration 
at the catalytic wall, k, is the n-th order reaction 
rate constant and M, is the molecular weight. 
No fluctuating components are included in this 
equation because the fluctuations decrease to 
zero at the wall. 

Using the mass concentration of the feed as 
a scale factor for composition and neglecting 
molecular and eddy effusion in the direction of 
flow, the boundary value problem becomes : 

where 

- 1) = K,fC(x, -1)-j" (7) 

(9) 

and 

The analogous heat-tr~sf~r problem is stated 
in [183. 

VELOCITY PROFILES AND EDDY DIFFUSIMTIES 

It is necessary to determine the velocity 
profile and the eddy diffusivity of mass transfer 
in order to completely specify the mass-transfer 
problem. The eddy diffusivity of mass transfer 
may be related to the eddy diffusivity of mo- 
mentum c: by the relation 

The eddy diffusivity of momentum is in turn 
uniquely related to the velocity profile by the 

momentum equations. Therefore if a suitable 
form of Q/t is known, either from experiment 
or theory, the mass-transfer problem is com- 
pletely specifhzd when the velocity profile is 
determined. Frequently, II& is assumed to be 
equal to one. In this analysis, 0,/t: will be taken 
as a constant and results reported in terms of 
SC’ = SC. D& which allows a value of D& 
other than one to be used. 

In order to use the universal velocity profile, 
a transformation must be made from real 
variables to “parameter variables”. These are 
the shear velocity u*, the velocity parameter Y+, 
and the coordinate parameter t+ and are 
given by 

where r, is the shear stress at the wall and $ is 
the real distance from the wall. Once the 
functional form of the velocity parameter is 
determined by experiment, only the Reynolds 
number need be specified to completely de- 
termine the actual velocity and eddy d~usivity 
of momentum since 

a+ 

Re = 
4aU - =I: 4 

V i 
e; dt+ (131 

0 

implicity determines the half distance 

a a+ = -vu* 
Y 

which, in turn, specihes the average velocity CT+ 
by 

Re = !!+&+u+. (14) 

It should be noted that the parameter variable 
half distance a+ is a function of Reynolds 
number, even though, the actual half distance, 
of course, is not. The velocity Function of 
equation (4) is specifM by 
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The eddy diffusivity of momentum is related 
to the velocity profile by the well known 
relation [ 181 

t+ 
6 -_= - ( > __l +E& 

a+ 

V ao+ . (16) 
1 
at+ 

It should be noted that the friction factor, F, 
is determined uniquely from the previous 
information by 

2 + 2 

F=W=32 k . 
0 

(17) 

Since friction factors are well known, equation 
(17) may be used as a check upon the velocity 
profile used in this analysis. 

The velocity profiles used are based upon the 
work of several investigators. The experimental 
work reported in several articles by Corcoran, 
Page, Sage, Breaux, and Schlinger [20-241 is 
quite an extensive work and is used as the basis 
for selection of the constants used here in the 
universal velocity profile. 

Prandtl hypothesized that the velocity para- 
meter function vs. the distance parameter is 
the same function, the universal logarithmic 
velocity-distribution, for any Reynolds number. 
Experimental points obtained by Donch and 
Nikuradse [25] and described by the values 
A = 6.2 and B = 3.6 in the universal velocity 
profile. 

6,: = Alog t+ + B 

where log is taken to the base 10. 

(18) 

I 
(1-R) o+ TURBULENT CENTER CORE 

o+: 901 

I FOR Re = 70 000 

PRANDTL L&ARlTHMlC VELOCITY PROFILE 

26 DEISSLER REGION 17 TO 22 WASAN REGION 

PLATE 
t 

FIG. 2. Regions of turbulent flow. 

The present study is restricted to turbulent There are several inconsistencies with the use 

flow between smooth parallel plates. Smooth of the universal velocity profile. The velocity 

plates are chosen so that the roughness factor gradient being zero at the center cannot be 
need not be considered as an additional para- described by this universal profile. A second 
meter in the results. fault is its value at the wall which indicates the 
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velocity is minus infinity rather than zero. The 
region near the wall is very difficult to measure 
because it correspbnds to a very small physical 
distance. The description of the wall region has 
led to the hypothesis of a laminar sublayer 
next to the wall in which only laminar flow 
exists, and a buffer layer, which is a transition 
layer from the laminar sublayer to the region 
which can be described by the logarithmic 
profile. These regions are shown in Fig. 2. The 
fact that the velocity gradient is zero at the 
center has led to the hypothesis of another 
region, the turbulent center core in which the 
eddy diffusivity is constant. The laminar sub- 
layer is generally taken to extend to a value 
of t+ = 5. The buffer layer is presently taken 
to extend to a value of t+ = 26. The turbulent 
center core is taken to extend from (Ra+) to 
a+. Different investigators have taken R to be 
0.3 Wasan [26], 0.5 Hatton [13] and 0.66 
Barrow [27]. Deissler improved the wall region 
description by combining the laminar and 
buffer region into one region [14]. However 
Deissler’s formulation included a discontinuity 
in the derivative dfil/dt+ between the Deissler 
region (0 < t+ < 26) and the Prandtl region 
(26 c t+ < Ra+). Equation (16) shows that this 
implies that a discontinuity exists in the eddy 
diffusivity at that point. Wasan, Tien and Wilke 
et al. [28,29] have presented a development in 
which the velocity parameter function is ex- 
panded about the wall. The series is truncated 
after five terms and the series and its first and 
second derivative are matched with the Prandtl 
logarithmic velocity profile at some distance, 
a:. With this approach, a discontinuity does 
not exist. The width of the Wasan region UT 
depends upon the value of the constants in the 
logarithmic velocity profile but, in general, 
17 < u; < 22. 

The third difficulty associated with the Prandtl 
velocity profile is that the “constants” are not 
constant but depend somewhat upon Reynolds 
number. This is substantiated by the data of 
Schlinger and Sage [24,18]. Their data indicate 
that different constants must be used for 

different Reynolds numbers up to a Reynolds 
number of about 30000 but that the same 
constants may be used for any Reynolds 
number above this. Their data illustrate quite 
well that the velocity dips below the logarithmic 
velocity profile at the center. Although this 
deviation appears to occur only in a small 
region when plotted on semilog paper, this 
region actually corresponds to about half the 
distance between the plate and the center. Their 
data for higher Reynolds numbers agree well 
with the data presented by Nikuradse and 
Donch [25]. 

Hatton [13] has presented results similar 
to those of Corcoran et al. [21] but did not 
observe as large a variation in the velocity pro- 
file constants with Reynolds number. The 
constants used in this study were selected from 
the work of Hatton in the range of Reynolds 
number of 30~70000. All of the various 
investigators agreed with Hatton’s results in 
this range. 

The universal velocity profile was used only 
in the Prandtl region. The expression for the 
velocity in the Wasan wall region was obtained 
by Wasan et al. [28] by series expansions 
about the wall. The derivation of this expression 
is included in [29]. The technique consists of 
expanding the quantities i&, c&, vi about the wall, 
applying the continuity and Navier-Stokes 
equations in the wall region, and equating the 
velocity, its first, and its second derivative to 
the universal profile at some point, a:, near the 
wall. The location of this point and the coef- 
ficients of the expansion are determined by this 
technique. 

The velocity in the turbulent center core is 
obtained by expanding the velocity about the 
center as 

(19) 

Only even powers are retained since the velocity 
must be symmetric about the center. No addi- 
tional information is obtained by expanding 
the fluctuating velocities. If this function is 
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truncated after g2, the function and its first and 
second derivative may be equated to the 
logarithmic profile at some distance a,. If this 
is done and the results transformed to para- 
meter coordinates, then 

0; = oq+max + g:(t+ - a+)* 

a: = $a+ (20) 

vq + max =A(ln$+i)+R 

(21) 

If the second derivatives are not required to 
be equal, equations (20) and (21) may be 
written to include an arbitrary ratio, R, of 
a: to a+. That is 

4 = Ra' 

(1 - R) 
hpX4X = A In (Ra+) + -2R 1 + B (22) 

A 

” = 2R(R - l)a+” 

The velocity profile in this region, equation (20), 
is in the form of a velocity defect profile since 

vq+ max - V4+ = 
VIplXS - tjq 

ll* 

= - g;(t+ - a+y. (23) 

Equation (16) may be used to determine the 
eddy diffusivity of momentum from the para- 
meter velocity profiles. The results of the 
velocity and eddy diffusivity may be summarized 
as : 

(1) Wasan wall region : 0 < t+ < a: 

% -+ = t+ + qt+y + b:(t+)5 

t 4b:(t+)3 + 5b:(t+)4 
-= - 
v 1 + 4b;(t+)3 + 5bl(t’)4 

12~: +9A-20Alnal -2OB=O 

b: = _ -4;aA+&; 
2 

b+ = ~_:~b:(4)5 - a: 
4 4(ai)4 --. 

(2) Prandtl region: a: d t’ d a: 

6; = AInt+ + B 

(24) 

t t+ -=- 
v A 

(3) Turbulent center core : a: < t + d d 

u; = A C (1 - RI In (Ra+) + 2R 1 + B 

2 

t W - R) + 
-=__----a -1 

V A 

u: = Ra’. 

If the second derivatives are required to be 
equal, R = 0.5. 

It should be noted that the parabolic velocity 
distribution in the turbulent center core implies 
that the eddy diffusivity is a constant in this 
region. Experimental evidence indicates that 
this is an approximation [22]. However, most 
investigators think that this is a good approxima- 
tion and thus it will be accepted here. 

The velocity profile constants were selected 
from the work of Hatton [13]. He apparently 
obtained these constants from the work of 
Schlinger and Sage [24] for Reynolds numbers 
above 35000. The values chosen were 

A = 2.777 _ . , B = 3.7923319, R = 0.5. (25) 

The values of A and B were judged to be correct 
by the authors because of the data of Schlinger 
and Sage [24]. The value of R = 0.5 was chosen 
because this allowed the equating of the 
second derivatives at the boundary of the 
Prandtl and turbulent core regions. The value 
of @5 was also selected by Hatton. As stated 
previously, Barrow [27] has suggested that 
a value of R = 0.66 be used. Figure 3 indicates 
that even when a value of R = 0.5 is used, the 
parabolic profile coincides with the logarithmic 
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I IO loo looo 

DISTANCE PARAMETER, 1’ 

FIG. 3. Comparison of velocity profiles relevant to the present study. 

profile to a value of R = 0.7. Wasan [26] has 
suggested that a value of R = 0.3 should be 
used in a tube. Replotting the velocity data in 
terms of a velocity defect on logarithmic paper 
indicates that the velocity defect is coincident 
with a straight line to a value of R = 0.3. 
Therefore, it is concluded that the work of 
these three investigators is not in disagreement 
with respect to the velocity profile representa- 
tion. Hatton, Quarmby and Grundy [30] 
investigated the effect of changing R = 0.5 to 
R = 0.66 in a problem involving heat transfer 
between parallel plates with one plate insulated. 
They state that “this modification, in fact, has 
a negligible effect on any of the heat transfer 
results”. 

The ratio of the eddy diffusivities of mass 
transfer to momentum is often assumed to be 

a constant equal to one. Some investigators 
have determined experimentally for the heat- 
transfer problem that this ratio could be as 
high as 1.6 [25]. For the purposes of analysis, 
this ratio need not be specified as long as it is 
a constant. Results can be reported in terms 
of ScD,/c and thus a greater generality in the 
results is obtained. 

Azer and Chao [31,32] presented expressions 
for calculating the ratio of eddy diffusivities of 
heat and momentum transfer which are based 
on experimental data. These expressions in the 
range 

14000 < Re < 500000 

0.2 < Pr < 5 

produce a small variation in DJc of about 
10 per cent from a distance oft+ = 0.2a+ to a+. 
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Nearer the wall, the variation is greater but 
the smaller eddy diffusivity of momentum tends 
to cancel this effect in calculating the eddy 
diffusivity of heat transfer. Although the method 
of analysis presented here is vahd even if D,/t 
is a function of y, for definiteness and because 
it is a reasonable approximation, it -will be 
assumed constant here 

INTEGRAL TRANSFORMATION 

The general statement of this problem, equa- 
tions (4-7) dictate this problem to be non- 
separable due to the non-linear boundary 
condition. Direct application of a finite dif- 
ference method is impractical because of the 
rapid change of velocity in the wall region. The 
subdivision in the y-direction would of necessity 
be of the order of tom3 to include the laminar 
sub-layer. Although the increment size could 
be much larger near the center, the convergence 
of the finite difference method is controlled by 
the smallest subdivision in y. The increment 
of x which is required for convergence is of the 
order of (AY)~. Therefore it seems that a slightly 
different approach is called for. Accordingly. 
the integral transform is made 

where 1 + (D,/D,,) + 1 at the walls. 
The distance from the center to the walls is 
given by 

Using the normalized integral transformation 
s = s+/s,+ our differential system becomes, 
keeping in mind that D, vanishes at the wall : 

a2c 

‘(‘) : = G-(D,,;J, (~0’)~ 8s’ 
(28) 

C(0, s) = 1 

g (9, 1) = 0 (29) 

+; ‘“, - 1) = K,,[C(x. - I,]“. 

This integral transformation essentially expands 
the wall region. The transformation from y to s 
is shown in Fig. 4 for representative Reynolds 
and Schmidt numbers. This information was 

Re=70000 SC.,=02 

-Re=3OOOOScq=02 

,1-o- 
fl.0 f0.8 f@6 t04 f0.2 0 

DISTANCE FROM CENTER.y A~S,IO,Z 

FIG. 4. Transformation of coordinates. 

obtained by numerical integration and interpola- 
tion. With this information it is now possible 
to formulate a finite diffemnce computational 
molecule. 

FINITE DIFFERENCE SOLUTION 

The application of the finite difference method 
of Dufort and Frankel [33] to equation (28) 
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results in the finite difference equation 

2R’ 
C(Z + l,.Z) = C(Z - 1,J) + ~ 

r,G + 2R’ 

x [C(Z, .Z + 1) - 2C(Z - 1,J) 

+ C(Z, .Z - l)] 

where 

@=f(s). 1 +Jp [ 1 
. (sgf)2 

ae 

and 

AX 
R’=(Bs)Z. (30) 

It should be noted that this is an explicit three 
grid computational molecule. It does not have 
the instability of the usual two grid molecule 
[18] or of the three grid Richardson molecule. 
The criterion of stability [33] is 

O<&<l. (31) 

This implies that $ must be greater than zero 
and that the maximum value of Ic/ must be of 
the order of 2R’. The function $ is plotted in 
reference [18] for a Reynolds number near 
70000. Although this function is zero only 
when s = f 1.0, the value of $ in the range 
f(lG-O+7) is near zero and is less than 0.389 x 
10P4. Since the error in the calculations is 
slightly greater than this, divergence of the 
scheme is likely and in fact does occur. This 
leads to the necessity of a further refinement 
to the computational method. It is possible that 
the region in which II/ < 0.389 x 10m4 one 
could assume as an approximation 

a2c - 0 &F- ’ (32) 

This would, however, lead to an uncomfortable 
position in deciding where one would switch 
from using equation (30) to equation (32). A 
much more satisfying solution was found by 
formulating the “double molecule” method. 

This refers to the use of two different computa- 
tional molecules. The explicit method of Dufort 
and Frankel, equation (30), is used near the 
center where $ > 0, and the completely implicit 
formulation is used near the walls. The implicit 
formulation is 

C(Z + l,.Z) = C(Z,.Z) + R' 

x [C(Z + 1,J + 1) - 2C(Z,J) + C(Z + l,.Z - l)]. 

($ + 2R’) 

(33) 

This equation reduces to the finite difference 
formulation of the second derivative being zero 
near the wall, equation (32), if tj = 0. The 
computational accuracy is not dependent upon 
which point the change is made between the 
two molecules as long as the implicit molecule 
is used when $ x 0. However, the computer 
time increases the more that the implicit 
molecule is used because use of this molecule 
requires the inversion of a matrix. The order of 
this matrix equals the number of points it is 
used’at. In actual computations, the number of 
points at which the implicit scheme was used 
was a variable dependent upon the Reynolds 
and Schmidt numbers. The implicit molecule was 
used at all points where I,+ < 0.1 + (max). Thus, 
a set of equations must be solved to obtain the 
concentrations at points near the catalytic 
wall and another set for points near the non- 
catalytic wall. Near the catalytic wall, one of 
the equations is non-linear since the boundary 
condition at the catalytic wall combined with 
the implicit molecule at points (I + 1,2) yields 
the equation 

C(Z + 1,2) + so* As K, C(Z + 1,2)” 

- C(Z+1,3)=0. (34) 

The methods used to solve these equations is 
described in Appendix I. 

In order to check the validity of this method, 
it was applied to the laminar flow case and the 
results were compared to our previous work on 
laminar flow [a]. The implicit molecule was 
used from the point next to the wall to y = f f 
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and the explicit molecule was used from 
y = +3 to the center. (In the laminar flow case, 
y = s.) The results obtained were the same 
(within roundoff error) as those obtained by 
using the method of Dufort and Frankel 
exclusively. Since $ = 0.75 at y = *+, it must 
be concluded that the point at which the change 
is made from one molecule to the other is 
irrelevant as long as the implicit molecule is 
used when $ z 0. The accuracy of the scheme 
was checked in the turbulent flow case by 
comparing results obtained with twenty sub- 
divisions in the s direction to those obtained 
with forty subdivisions in the s direction. 
Agreement between the two calculations was 
within one in the third decimal place. All 
reported calculations have been made with the 
smaller grid size. 

The increment size Ax is related to As by 
the stability requirement that the maximum 
value of IJ must be of the same order as 2R. 

Ax = ;(A+ {,f(O)[ 1 + F](%?) (35) 

where K = 1 corresponds to equating $(max) 
and 2R. In the laminar case this reduces to the 
familiar 

Ax K 

(AY)’ 2’ 
(36) 

The accuracy is independent of K as long as K 
is in the range 0.7 < K 9 1.3. The value of K 
used in all the calculations was in this range. 

The convergence of this scheme is illustrated 
in Appendix II. It is shown that equation (30) 
does converge to the differential equation as 
As approaches zero if Ax is related to As by 
equation (35). 

OVERALL PARAMETERS 

The mixing cup concentration may be ex- 
pressed in s coordinates as 

C,=a’:iC(x.,~(s)[l +z]s;ds. (37) 

This was evaluated by use of Simpson’s rule. 
The Nusselt number may be expressed in s 
coordinates as 

-7 

-;;+, -I) 

Nu = So 
c,-C(x,-1)’ (38) 

For the first order case, it may be shown that 

g+, -1) = c,. (39) 

If the differential equation is integrated with 
respect to y, we obtain 

fl 

;; s 
-1 

.f(y)C(x,y)dy =( 1 + +)$~;~:;;: 
(40) 

or when the boundary conditions are substituted, 
we obtain 

ac, 
-aT + $K,C,, = 0 

where 

1 
K, = ~---. 

l/Nu + l/K,,’ 

Equation (42) is the expression for 
~. 

(42) 

an effective 
first order reaction rate coefficient. It illustrates 
the fact that when K,, --f x8, K, -+ Nu, the 
diffusion controlled case and when K, -+ 0, 

KE -+ K,I, the reaction controlled case. This is 

(41) 

the same expression as that obtained in laminar 
flow. Equation (42) illustrates that a much 
larger K,, is needed to have a diffusion con- 
trolled reaction for laminar flow than turbulent. 
For example, in laminar flow, the fully developed 
Nusselt number in the diffusion controlled case 
is 1.215. A reaction rate of K,, = 50 is sufficient 
to have a diffusion controlled reaction. For a 
Reynolds number of 30000 and SC’ = 1 .O, the 
fully developed, diffusion controlled Nusselt 
number is 28.6 and the required K,, > 1000. 
Since the fully developed Nusselt number 
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increases with increasing Reynolds number RESULTS AND COMPUTATIONS 

(constant SC’), reactions which are diffusion Rather extensive numerical computations 
controlled at one Reynolds number are not at were required to obtain results over the complete 
a higher Reynolds number in contrast to the range of interest since four parameters are 
laminar flow situation. included in the statement of this problem. The 

In [18], it is shown that the first-order four parameters include the dimensionless re- 
turbulent flow case could have been solved by action rate coefficient, the reaction order, the 
separation of variables. This forces the conclu- Reynolds number, and the Schmidt number. 
sion that for the first-order case, a fully developed Results were obtained for the diffusion con- 

solution exists and that K.E and Nu must trolled reaction for each combination of Reynolds 
approach a constant value given by numbers of 70000,50000 and 30000 and Schmidt 

1 numbers of 1.0, 0.7 and 0.2. Results were also 
ICE = 

B: 
l/K, + l/Nu = T 

(43) obtained for most of the combinations of 
dimensionless reaction rate constants of 10, 

where /I1 is the first eigenvalue. 100, and 1000 and reaction orders of 1.0, 1.5, 

0 100 200 300 400 so0 600 mo 

AXIAL DISTANCE, (q/o) 

FIG. 5. Longitudinal concentration distribution-turbulent flow in a parallel plate 
duct with one catalytic plate-various reaction orders and constants. 
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FIG. 6. Longitudinal concentration distribution-turbulent flow in a parallel plate duct with one catalyric 
plate--various reaction orders and constants. 
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AXIAL DISTANCE, b+4 

FIG. 7. Longitudinal concentration distribution-turbulent flow in a parallel plate duct with one catalytic 
plate-various reaction orders and constants. 
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AXIAL DISTANCE, I?@ 

FIG. 8. Longitudinal concentration distribution-turbulent flow in a parallel plate duct with one catalytic 
plate-various reaction orders and constants. 
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0 100 200 300 400 200 600 700 200 200 moo 1100 l200 I300 1400 

AXIAL DISTANCE,(?/o) 

FIG. 9. Longitudinal concentration distribution-turbulent flow in a parallel plate duct with one catalytic 
plate-various reaction orders and constants. 
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AXIAL DISTANCE, (?)/o) 

FIG. 10. Longitudinal concentration distribution-turbulent flow in a parallel plate duct with one catalytic 
plate-various reaction orders and constants. 

and 2.0 for the Reynolds numbers and Schmidt 
numbers listed above. 

Average concentration graphs are presented 
in Figs. 5-10. Schmidt numbers of 0.7 have not 
been included in these graphs because it was 
found experimentally that values of 0.7 could 
be obtained within two per cent by plotting 
C, vs. the logarithm of Schmidt number for 
constant Re, qJa, n, and K,,. The average 
concentration graphs presented are plotted on 
semi-log paper since all first order reactions 
should be straight lines on these coordinates in 
the fully developed region. All the diffusion con- 
trolled curves have been summarized in one 
graph in [6]. The diffusion controlled case is 
particularly useful in making estimations since 
the diffusion controlled reaction represents 
the minimum length a reactor must be to 

obtain a given conversion without knowing 
anything about the reaction rate. It is shown 
in [6] that the entrance length for the laminar 
concentration functions is greater than the 
entrance length for the turbulent concentrations. 
If the conversion of species “a” is plotted as a 
function of Reynolds number for a given value 
q-/a, it appears that a discontinuity exists between 
the laminar and turbulent regimes in much the 
same manner as exists in a friction factor plot. 

The average concentrations for diffusion 
controlled and first order reactions become 
straight lines for large values of x as predicted 
in [18] which shows the existence of a fully 
developed solution. Since the other average 
concentration graphs curve slightly, some of 
these curves intersect each other. The average 
concentration graphs should prove useful for 
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design purposes if the reaction rate is known. 
They can also be used to determine the true 
reaction rate from experimental data by inter- 
polation as shown in [7]. 

As mentioned in [8], the reaction controlled 
reaction behaves in a manner similar to a 
one-dimensional homogeneous reaction. Figure 
11 illustrates this point for the turbulent flow 
second order reaction. It is observed that as 
the dimensionless reaction rate constant is 
decreased, the reaction controlled average con- 
centration function, F,, becomes a straight line. 
The turbulent flow average concentration func- 
tion for K,, = 10 is essentially a straight line. 
The average concentration for laminar flow 
K,, = 10 is included for comparison purposes 
and it is observed that it departs considerably 
from a straight line. This is expected since the 
given reaction rate is more likely to be diffusion 
controlled in laminar flow than turbulent flow. 

The wall concentrations for a Reynolds 

number of 50000 and Schmidt number of 0.7 
are illustrated in Fig. 12. The wall concentrations 
are larger than in the corresponding laminar 
case (see [18]). 

The point concentration profiles for diffusion 
controlled reaction, Re = 70000 and SC = i-0 
are shown in Fig. 13. Concentration profiles 
were obtained for all the conditions for which 
average concentrations were obtained, however, 
only one of these is reported here. It is included 
to enable comparison of representative turbulent 
profiles to the profiles presented in the previous 
papers. [3, 41 for laminar flow. It is noted that 
although this is a diffusion controlled reaction, 
the concentrations appear to be greater than 
zero at the wall. Actually they do decrease to 
zero in the boundary layer but the physical 
dimension of the boundary layer is so small that 
this cannot be observed. Experimental measure- 
ments of concentration profiles in turbulent 
flow with fast reactions can therefore not be 

J I I I I I I I I I I I I I I 
0 200 400 600 800 1x0 1200 1400 1600 la00 2000 2200 2400 2600 2BC 

AXIAL DISTANCE.k,/o) ldll0U 

FIG. 11. Comparison of the masking of surface kinetics by convective diffusion in laminar and turbulent 

flow. 
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I.*, - I”” 

I I I I I I I I I 
200 400 600 600 1000 1200 1400 1600 1600 2000 2200 2400 2600 2600 

AXIAL DISTANCE, ‘?/a b.SllOll 

FIG. 12. Longitudinal wall distribution turbulent flow in a parallel plate duct with one 
catalytic wall-- various reaction orders and constants. 

m=70 000 SC = I.0 

DIFFUSION CONTROLLED 

/ / / / _- I 

2252.25 

OL- I I I A-611036 
- I.0 - 0.6 -0.2 0.2 0.6 I.0 

LATERAL DISTANCE,,v= t/o 

FIG. 13. Example of lateral concentration profiles-~turbu. 
lenr flow in a parallel plate duct with one catalytic wall. 

used to determine the reaction rate. Since the 
boundary layer fills the entire duct in laminar 
flow, profiles may be used to determine reaction 
rates for fast reactions as shown in [4]. The 
accuracy of this method is enhanced by the fact 
that the concentration profile is a straight line 
for a considerable physical distance from the 
wall (see [3]). 

It is observed in the preceding and in [6] 
that whenever laminar concentrations were 
compared to the turbulent concentrations for 
the same axial distance q/a and dimensionless 
reaction rate constant, the per cent conversion 
of species “a” is greater for the laminar case 
than for the turbulent. However, the total 
conversion of species “a” in a given amount of 
time is greater for the turbulent flow than for 
the laminar flow case. 

The fully developed Nusselt number calcula- 
tions are summarized in Fig. 14 for first order 
and diffusion controlled reactions on logarith- 
mic paper. The slopes of the diffusion controlled 
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Nusselt number plotted as a function of Reynolds 
number varies between 0.77 for a Schmidt 
number of one and O-69 for a Schmidt number 
of 0.2. These values compare to a value of 
0.8 as predicted by the Dittus-Boelter equation. 
A variation in this slope with Schmidt number 
was also observed by Sparrow, Hallman and 
Siegel [l l] in their analysis of convective 
diffusion with a constant flux boundary con- 
dition (hence equivalent to a zero order reaction) 
in a round tube. They reported a value of 
0.77 for a Schmidt number of 10 which com- 
pares to 0.75 as determined in this work. The 
Nusselt number functions for Schmidt numbers 
of 1.0 and 0.7 exhibit the same slopes for the 
reaction rate coefficients of K,, = 10 and 100. 

I I I I I I I 

---- K&q =I0 

-.-.- /( = 100 &q 

DIFFUSION 
CONTROLLED 

I I I I I I I 
3oOOD 50000 70000 

REYNOLDS NUMBER, Re. b_sl,oJ5 

FIG. 14. Calculated mass-transfer correlations for the 
diffusion controlled and first order reactions. 

In contrast, the reaction rate coefficients of 
K,i = 10 and 100 produce slightly curved 
lines for a Schmidt number of 0.2. 

Hatton and Quarmby [8] have calculated 
the Nusselt number for the diffusion controlled 
reaction for a Reynolds number of 73612 and 
a Schmidt number of one. Slight extrapolation 
of the results presented in Fig. 14 indicate a 
Nusselt number of 36.8 which compares to 
the value reported by Hatton, Nu = 37.05. This 
is the only value he reports which may be 
compared directly because of the range of 
numbers he considered, however, even extra- 
polated values agree quite well. This agreement 
is particularly significant since Hatton used 
Deissler’s wall region analysis rather than the 
analysis of Tien and Wasan [29] used here. 

The fully developed diffusion-controlled Nus- 
selt numbers have been replotted in [18] as a 
function of Schmidt number times the diffusivity 
ratio. The slopes of these graphs range from 
0.69 to 0.61 for Reynolds numbers of 70000 
and 30000 respectively. Assuming that the 
diffusivity ratio is one, one might expect these 
values to compare to values of 04-0~3 for the 
Dittus-Boelter equation. However, the Dittus- 
Boelter equation is used for a symmetric problem 
whereas the problem under consideration is 
unsymmetric. 

Sparrow, Hallman and Siegel [ll] investi- 
gated a much larger range of Schmidt numbers 
for flow in a tube and determined that Nusselt 
number could not be represented as a power 
function of Schmidt number. A power function 
representation is possible here because of the 
smaller range of Schmidt numbers. 

The fully developed Nusselt number has been 
plotted as a function of the reaction rate 
coefficient for a Schmidt number of 1.0 and 
Reynolds number of 50000 in Fig. 15. The 
Nusselt number for the n-th order reaction 
essentially approaches a constant value for 

large values of q/a for the turbulent flow 
problem as well as for the laminar case. Thus 
fully developed Nusselt numbers are also in‘” 
eluded for the n-th order reaction in these 
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DIMENSIONLESS REACTION RATE COFFICIENT, Kw,, 

FIG. 15. Effect of heterogeneous chemical reactions on the mass-transfer coefficient 
for several reaction orders-turbulent flow. 

figures. It is interesting to note that these 
curves intersect each other within a small 
range of K,, This range of intersection varies 
with Reynolds and Schmidt numbers. 

CONCLUSIONS 

The Graetz problem for turbulent flow 
between parallel plates with an n-th order 
reaction on one wall has been solved by a new 
method. The method includes an integral 
transformation of the convective diffusion equa- 
tion, followed by an application of a double 
molecule finite difference scheme. 

Rather extensive numerical results were ob- 
tained in order to cover the range of interest 
of Reynolds number, Schmidt number, and 

reaction rate. The important engineering infor- 
mation presented consists of mixing cup con- 
centrations for reaction orders of 1.0, 1.5 and 
2.0 which includes a large portion of reactions 
of industrial interest. 

The standard definition of the Nusselt number 
was used here. The Nusselt number for the first 
order reaction approached a constant fully 
developed value for large values of x. The 
Nusselt number in the 1.5 and 2.0 orders 
essentially approached a constant value for 
large values of x. 

The fully developed Nusselt numbers were 
approximately proportional to the 0.75 power 
of Reynolds number and to the 0.65 power of 
Schmidt number. 
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APPENDIX I 

The equations to be solved near the catalytic wall, equation (33) may be written as 

EL(K, J) C(Z -I- 1, J) = RES(K) + RZS(K) C(Z, 2) 

where EL, RES, and RZS are a matrix and two column vectors given by 

EL = 

H3) - 
[ 1 R+2 

1 

0 

0 

RES = 

0 

F C(Z, 3) 

F$ C(Z, 4) 

F C( I, 5) 

y C(Z, 6) 

-1 

0 

RZS = 
0 

0 

(1.1) 

Solving 

C(Z + 1, J) = EL-‘(K, J) RES(K) + EL-‘(K, J) RZS(K) C(Z + 1,2). (1.2) 

Substituting .Z = 3 and combining with the non-linear boundary condition, equation (34) one must 
solve 

[I - EL- ‘(K, 3) RZS(K)] C(Z + 1,2) + so’ AsK,,[C(Z + 1,2)]” - EL- ‘(K, 3) RES(K) = 0. (1.3) 

After solving this equation for C(Z + 1,2), equation (36) may be used to determine all the other 
C(Z + 1, J) 3 < J < 6. A similar analysis is applied to the points from eighteen to twenty-one near 
the non-catalytic wall which is solved quite easily since the boundary condition there is linear. It 
is readily seen that if the implicit molecule is applied to more points, the size of the matrices which 
must be inverted become larger. In actual computations, the number of points at which the implicit 
molecule was applied was a variable and depended on the Reynolds and Schmidt number. The 
number of subdivisions used was forty instead of twenty. 
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APPENDIX II 

The convergence of the computational molecule may be investigated by expanding the finite 
difference equation in a Taylor series and dropping the higher terms. This results in the equation 

2 

4s - [l + (Dt,kJ (s,‘)’ $ = 

Ax2 a3c 
+kas3 + [i + (D,,:..)] cs;)” 

Ax 2a2c ( > i h4a4c -- -----. 
b a2 12 h2 as4 1 (11.1) 

Substitution of equation (35) into equation (11.1) indicates that all terms on the right-hand side of 
this equation approach zero as As approaches zero. However, this is not obvious for the underlined 
term. Consider, that the coefficient of a2C/ax2 is 

W/2) W2f(4 (1 + cQw~,1~ W"1 < M &2 

11 + wL)l w2 (Ad2 . 
where M is the maximum value 

M = max [l + (DJk&J,(s;)2 ‘z [Kf(s)(l + ~)G~zl'i. 

(11.2) 

(11.3) 

Numerical investigation of this quantity has shown that M < 1 for all the Reynolds and Schmidt 
numbers for which results are reported here. 

R&m&Des reacteurs a ecoulement turbulent avec des surfaces catalytiques isothermes bien definies 
foumissent une methode pour obtenir les vitesses de processus de surface rapides. Cependant, m%me en 
dcoulement turbulent, la diffusion tend a masquer le comportement veritable de la surface pour des con- 
versions raisonnables d’esp&ces chimiques. Pour estimer l’effet de la diffusion sur la vitesse de reaction, 
le probleme de Graetz pour 1’Ccoulement turbulent entre des plaques paralleles avec une reaction du 
nibme ordre sur une paroi a ettc resolu. 

Les concentrations globales ont ete obtenues dam une gamme de nombres de Reynolds de 30000 a 
70000, de nombres de Schmidt de 02 a l,O, d’ordres de r6action de 1,0 a 2,0 et de constantes de vitesse 
de reaction de zero a l’infmi. Les nombres de Nusselt entierement etablis etaient approximativement 
proportionnels a la puissance 0,75 du nombre de Reynolds et a la puissance 0,65 du nombre de Schmidt 
pour les cas control& par la diffusion. Les nombres de Nusselt entierement etablis dependaient aussi 

un peu de la vitesse de reaction. 

Zusammenfaasung-Chemische Reaktoren mit turbulenter Striimung entlang genau definierter katalyt- 
ischer Oberflachen ermiiglichen ein Verfahren zur Bestimmung von sich schnell ghdernden Oberflbhen- 
prozessen. Aber selbst bei turbulenter Strijmung flirt die Diffusion zu einer Verschleierung des wirklichen 
ObertlEhenverhaltens be.i entsprechenden Umwandlungen chemischer Stoffe. Zur AbschHtzung des 
Einflusses der Diffusion auf die Reaktionsgeschwindigkeit wurde das Graetz-Problem ftir turbulente 
Stromung zwischen parallelen Platten bei einer Reaktion n-ter Ordnung an einer Wand geliist. 

Mischkonvektionen wurden im Reynolds-Bereich 30000 bis 70000, bei Schmidt-Zahlen von 02 bis 
l,O, Reaktionsordnungen von 1,O bis 2,0 und Reaktionsgeschwindigkeitskoefftzienten von Null bis Un- 
endlich erhalten. Fiir diffusionsbestimmte FHlle waren die voll ausgebildeten Nusselt-Zahlen angeniihert 
proportional der Potenz 0,75 der Reynolds-Zahl turd der Potenz 0,65 der Schmidt-Zahl. Die voll ausge- 

bildeten Nusselt-Zahlen erwiesen sich such etwas abhshgig von der Reaktionsgeschwindigkeit. 

ArrxoxarPrsr-Typ6yneriTsrbre pearrropbt c rraoTepnrrrqecrt&rMn rtaTanrrTx~ectrrr~x nosepx- 

H~CTRMH no3~on~IoT pa3BKTb MeTon nony9eHwi cKopocTett ~~ICT~LSX npoqeccoq npoc~xo~- 

RWKX na nosepxHocTrr. ORHaKO, game B Typ6yneHTHOM nOTOKe ~~f1$$y3siH MaCKHpyeT 
IlCTUHHOe nosenenue nosepxnocru npn 3rra9rsrenbnbtx npenpartreaar-rx xrnun9ecrrux serqecTn. 
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q~06u 0qemTb Bmmme nai#~@yaail m CKopocTb peaKqaa, pemeHa aaaasa I'peTqa nn~ 

Typ6yJleHTHOrO TeqeHklR MemAy IIapaJlJleJIbHblMH IIJIaCTHHaMH IIpH H3JIWfUU peaK~Hif 

W-i-0 IlOpH&Ka9 Ha OAHOfi CTeHKC. 

CpeAHUe 06xeMHble KOHUeHTpaqHki I'lOJly'leHbI AJIIR J&Hana3OHa WfCeJI PetiHOJibACa mooo- 

70000, YUCeJl mMMATa 0,2-1,0, IlOpRJ&KOB peaKL@i 1,0-2,0 kl IIOCTOFfHHblX CKOp0CTei-i 

peaKl(MH, BapbRpyeMbIX OT HyJlR A0 6eCKOHeSHOCTH. %lCJla HyCCeJIbTa AJIFI IlOJIHOCTbIO 

pa3BMTOl-0 TeqeHllR IIpM6nkWC2HHO IlpOIIOp~HOHalIbHbI WCJIy PeftHOJIbACa B CTeIIeHIf 0,75 It 
wWIy mMMJ(Ta B CTeIIeHki0,65~~m CJIyWeB KOHTpOJIApyeMO~J&+y3Hii. 'IElCJI3 HyCCeJlbT3 

AJlR. IlOJlHOCTbIO pa3BUTOI'O ItOTOKa TaKWe HeCKOJlbKO Ba.BIICfiT OT CKOpOCTH peaKl(KH. 


